We discuss a point model for the collective emission of light from N two-level atoms in a photonic band-gap material, each with an atomic resonant frequency near the edge of the gap. In the limit of a low initial occupation of the excited atomic state, our system is shown to possess atomic spectra and population statistics that are radically different from free space. For a high initial excited-state population, mean-field theory suggests a fractionalized inversion and a macroscopic polarization for the atoms in the steady state, both of which can be controlled by an external dc field. This atomic steady state is accompanied by a nonzero expectation value of the electric field operators for field modes located in the vicinity of the atoms. The nature of homogeneous broadening near the band edge is shown to differ markedly from that in free space due to non-Markovian memory effects in the radiation dynamics. Non-Markovian vacuum fluctuations are shown to yield a partially coherent steady-state polarization with a random phase. In contrast with the steady state of a conventional laser, near a photonic band edge this coherence occurs as a consequence of photon localization in the absence of a conventional cavity mode. We also introduce a classical stochastic function with the same temporal correlations as the electromagnetic reservoir, in order to stochastically simulate the effects of vacuum fluctuations near a photonic band edge. ͓S1050-2947͑98͒04511-9͔
I. INTRODUCTION
In recent years, photonic band-gap ͑PBG͒ structures have been shown to lead to the localization of light ͓1͔ through the carefully engineered interplay between microscopic scattering resonances and the coherent interference of light from many such scatterers ͓2͔. Since the initial proposal of photonic band gaps ͓3,4͔, PBG materials exhibiting photon localization have been fabricated at microwave frequencies ͓5͔ and more recently, large-scale two-dimensional PBG systems have been produced in the near-infrared ͓6͔. The ultimate goal for laser applications is a full three-dimensional PBG at optical frequencies ͓7-10͔. A PBG comprises a range of frequencies over which linear photon propagation is prohibited. Therefore, atoms with transition frequencies within the gap do not experience the usual fluctuations in the electromagnetic vacuum that are responsible for spontaneous decay. Instead, a photon-atom bound state is formed ͓11͔. Unlike the suppression of spontaneous emission from an atom in a high-Q optical microcavity ͓12͔, the bound photon may tunnel many optical wavelengths away from the atom before being reabsorbed. Near a photonic band edge, the photon density of states is rapidly varying, making it dramatically different from the 2 dependence found in free space. This implies that the nature of vacuum fluctuations and thus of spontaneous emission near a band edge is radically different from the exponential decay found in free space ͓13͔. More fundamentally, the correlation time of the electromagnetic vacuum fluctuations near a band edge is not negligibly small on the time scale of the evolution of an atomic system coupled to the electromagnetic field. In fact, the reservoir exhibits long-range temporal correlations, making the temporal distinction between atomic system and electromagnetic reservoir unclear. This renders the usual BornMarkov approximation scheme invalid for band edge systems. Studies of single atom spontaneous emission near a photonic band edge ͓14,15͔ have shown that this nonMarkovian system reservoir interaction gives rise to phenomena such as oscillatory behavior and a fractional steady state population for a single excited atomic state, as well as vacuum Rabi splitting and a subnatural linewidth for atomic emission.
We consider the Dicke model ͓16,17͔ for the collective emission of light, or superradiance, from N identical twolevel atoms with a transition frequency near a photonic band edge. The study of superradiant emission is of interest not only in its own right, but also because it provides a valuable paradigm for understanding the self-organization and emission properties of a band-edge laser. Of late, there has been a resurgence of interest in superradiance in the context of superradiant lasing action ͓18͔, and due to the experimental realization of a true Dicke superradiant system using lasercooled atoms ͓19͔. A low threshold microlaser operating near a photonic band edge may exhibit unusual dynamical, spectral, and statistical properties. We will show that such effects are already evident in band-edge collective spontaneous emission. A preliminary study of band-edge superradiance for atoms resonant with the band edge ͓20͔ has shown that for an atomic system prepared initially with a small collective atomic polarization, a fraction of the superradiant emission remains in the vicinity of the atoms, and a macroscopic polarization emerges in the collective atomic steady state. In addition to this form of spontaneous symmetry breaking, it has been demonstrated that superradiant emission can proceed more quickly and with greater intensity near a photonic band edge than in free space. In the absence of an initial atomic polarization, the early stages of superradiance are governed by fluctuations in the electromagnetic vacuum near the band edge. These fluctuations affect the dynamics of collective decay and will determine the quantum limit of the linewidth of a laser operating near a photonic band edge.
The organization of the paper is as follows. In Sec. II, we present the quantum Langevin equations for collective atomic dynamics in band-edge superradiance. In Sec. III, we calculate an approximate, analytic solution for the equations that describe the N-atom system with low initial inversion of the atomic population. We show that the atoms can exhibit novel emission spectra and a suppression of population fluctuations near a band edge. Sections IV and V treat the case of high initial inversion. In Sec. IV, the mean-field results of Ref. ͓20͔ are extended to the case of atoms with resonant frequencies displaced from the band edge. It is shown that the phase and amplitude of the collective atomic polarization can be controlled by an external field that Stark shifts the atomic transition relative to the band edge. The dissipative effect of dipole dephasing is also included in the framework of our non-Markovian system. Section V describes superradiant emission under the influence of vacuum fluctuations by exploiting the temporal division of superradiance into quantum and semiclassical regimes. We find that the system exhibits a macroscopic steady-state polarization amplitude with a phase precession triggered by band-edge quantum fluctuations. In Sec. VI, we describe a method for generating a classical stochastic function that simulates the effect of bandedge vacuum fluctuations. We show that, for a sufficiently large number of atoms, this classical noise ansatz agrees well with the more exact simulations of Sec. V, and may thus be useful in the analysis of band-edge atom-field dynamics. In Appendix A, we give the details of the calculation of the electromagnetic reservoir's temporal autocorrelation function for different models of the photonic band edge. This correlation function is central to determining the nature of atomic decay.
II. EQUATIONS OF MOTION
We consider a model consisting of N two-level atoms with a transition frequency near the band edge coupled to the multimode radiation field in a PBG material. For simplicity, we assume a point interaction, that is, the spatial extent of the active region of the PBG material is less than the wavelength of the emitted radiation. This is often referred to as the small sample limit of superradiance ͓17͔. We neglect the spatially random resonance dipole-dipole interaction ͑RDDI͒ near the band edge, which may have a more important impact on atomic dynamics when the atomic transition lies deep within the PBG ͓20,21͔. Nevertheless, our simplified model should provide a good qualitative picture of bandedge collective emission. For an excited atomic state ͉2͘ and ground state ͉1͘, the interaction Hamiltonian for our system can be written as
where a and a † are the radiation field annihilation and creation operators, respectively; ⌬ ϭ Ϫ 21 is the detuning of the radiation mode frequency from the atomic transition frequency 21 
͑2.6͒
Here, (t)ϭ͚ g a (0)e Ϫi⌬ t is a quantum noise operator that contains the influence of vacuum fluctuations. G(t ϪtЈ) is the time-delay Green function, or memory kernel, describing the electromagnetic reservoir's average effect on the time evolution of the system operators. The Green function is given by the temporal autocorrelation of the reservoir noise operator,
We have made use of the fact that ͗a † (0)a (0)͘Ӎ0, as we are dealing with atomic transition frequencies in the optical domain ͓13͔. In essence, G(tϪtЈ) is a measure of the reservoir's memory of its previous state on the time scale for the evolution of the atomic system. In free space, the density of field modes as a function of frequency is broad and slowly varying, resulting in a Green function that exhibits Markovian behavior, G(tϪtЈ)ϭ(␥/2)␦(tϪtЈ), where ␥ is the usual decay rate for spontaneous emission ͓13͔. Near a photonic band edge, the density of electromagnetic modes varies rapidly with frequency in a manner determined by the photon dispersion relation, k . We show that this results in longrange temporal correlations in the reservoir that affect the nature of the atom-field interaction. In order to evaluate G(tϪtЈ) near a band edge, we first make the continuum approximation for the field mode sum in Eq. ͑2.7͒:
͑2.8͒
In this paper, we use an effective-mass approximation to the full dispersion relation for a photonic crystal. Within this approximation, we consider two models for the near-bandedge dispersion. The details of the calculation of G(tϪtЈ) for each model and a discussion of its applicability is given in Appendix A. In an anisotropic dispersion model, appropriate to fabricated PBG materials, we associate the band edge with a specific point in k space, kϭk 0 . By preserving the vector character of the dispersion expanded about k 0 , we account for the fact that, as k moves away from k 0 , both the direction and magnitude of the band-edge wave vector are modified. This gives a dispersion relation of the form
Here, Aϭ2c 2 / gap , where gap is the frequency width of the gap. The positive ͑negative͒ sign indicates that k is expanded about the upper ͑lower͒ edge of the PBG, and c is the frequency of the corresponding band edge. This form of dispersion is valid for a gap width gap ӷc͉kϪk 0 ͉, meaning that the effective-mass relation is most directly applicable to large photonic gaps and for wave vectors near the band edge. Furthermore, for a large gap and a collection of atoms that are nearly resonant with the upper band edge, it is a very good approximation to completely neglect the effects of the lower photon bands. The band-edge density of states corresponding to Eq. ͑2.9͒ takes the form ()ϳ(Ϫ c ) 1/2 , Ͼ c , characteristic of a three-dimensional phase space. The resulting Green function for c (tϪtЈ)ӷ1 is
, tϾtЈ ͑ anisotropic gap͒.
͑2.10͒
In addition to the anisotropic photon dispersion model, it is instructive to consider a simpler isotropic model. In this model, we extrapolate the dispersion relation for a onedimensional gap to all three spatial dimensions. We thus assume that the Bragg condition is satisfied for the same wave vector magnitude for all directions in k space. This yields an effective-mass dispersion of the form k ϭ c ϩA(͉k͉ Ϫ͉k 0 ͉) 2 , which associates the band-edge wave vector with a sphere in k space, ͉k͉ϭk 0 . Strictly speaking, an isotropic PBG at finite wave vector ͉k 0 ͉ does not occur in artificially created, face centered cubic photonic crystals. However, a nearly isotropic gap near k 0 ϭ0 occurs in certain polar crystals with polaritonic excitations ͓22͔. A simple example of such a crystal is table salt ͑NaCl͒, which has a polariton gap in the infrared frequency regime. The band-edge density of states in the isotropic model has the form ()ϳ(
, Ͼ c , the square-root singularity being characteristic of a one-dimensional phase space. For the Green function we obtain ͑see Appendix A͒
, tϾtЈ ͑ isotropic gap͒.
͑2.11͒
In both Eqs. In order to understand the effects of band-edge vacuum fluctuations, we begin by presenting a simplified model that permits an analytic solution, and is applicable to a system in which only a small fraction of the two-level atoms are initially in their excited state. This discussion demonstrates how light emission near a photonic band edge can give rise to atomic dynamics, emission spectra, and photon-number statistics that are very different from those expected in free space. We write the atomic operators in the Schwinger boson representation ͓23͔:
subject to the constraint on the total number of atoms,
The operators b i † (t) and b i (t) then describe transitions of the system between the excited state (iϭ2) and the ground state (iϭ1). In the limit of low atomic excitation, the state ͉1͘ has a large population at all times, meaning that we can replace the inversion operator by the classical value J 3 (t)ϷϪN, and that b 1 (t) can be approximated by b 1 (t)ϷͱN. In this case, the initially excited two-level atoms behave like a simple harmonic oscillator coupled to the non-Markovian electromagnetic reservoir. In our model, the Heisenberg equations of motion ͑2.5͒ and ͑2.6͒, reduce to
Using the method of Laplace transforms, we can solve for b 2 (t) and find
where
and
͑3.7͒
L Ϫ1 denotes the inverse Laplace transformation, and G (s) is the Laplace transform of the general memory kernel, G(t ϪtЈ). In this section, we consider the case of an isotropic band edge in the effective-mass approximation ͓Eq. ͑2.11͔͒, for which G (s) is written as
ͱsϪi␦ c .
͑3.8͒
For this isotropic Green function, we denote the inverse 
The error function
dt. The probability of finding the atoms in the excited state is given by ͗b 2 † (t)b 2 (t)͘ϭ͉B I (t)͉ 2 , and is plotted in Fig. 1 . We find that the excited-state population exhibits decay and oscillatory behavior before reaching a nonzero steady-state value due to photon localization. These effects are due to the strong dressing of the atoms by the radiation field near a photonic band edge, resulting in dressed atomic states that straddle the band edge. Light emission from the dressed state outside the gap results in highly non-Markovian decay of the atomic population, while the dressed state shifted into the gap is responsible for the fractional steady-state population of the excited state. The consequences of this strong atomfield interaction are discussed in detail for single-atom spontaneous emission in Ref. ͓15͔ , and for superradiant emission in Secs. IV and V of this paper. We note that the degree of steady-state localization is a sensitive function of the detuning, ␦ c , of the atomic resonance from the band edge. The decay rate scales as N 2/3 ␤ 1 t for the isotropic model. However, there is no evidence for the buildup of interatomic coherence, as very few of the atoms are initially excited.
Equation ͑3.4͒ also allows us to calculate the system's emission spectrum into the modes for an atom with resonant frequency 21 using the relation
where B (s) is defined in Eq. ͑3.6͒. The spectrum for the isotropic model is then
͑3.16͒
This spectrum is shown in Fig. 2 , and differs significantly from the Lorentzian spectrum for light emission in free space. In fact, the emission spectrum is not centered about the atomic resonant frequency, which is what one would expect for an atom decaying to an unrestricted vacuum mode PRA 58from the band edge, the emission spectrum vanishes for frequencies at the band edge and within the gap, р c . This is consistent with the localization of light near the atoms for electromagnetic modes within the PBG. As 21 is detuned further into the gap, spectral results confirm that a greater fraction of the light is localized in the gap dressed state, as the total emission intensity out of the decaying dressed state is reduced. Conversely, as 21 is moved out of the gap, the emission profile becomes closer to a Lorentzian in form and the total emitted intensity increases. The spectral linewidth ratio between the isotropic band edge and free space is of the order of ␤ 1 /(␥N 1/3 ), while for an anisotropic band edge it is ϳN␤ 3 /␥. This corresponds to the fact that collective emission is much more rapid near an anisotropic band edge than in free space, whereas it is slower than in free space for the isotropic model.
It is also instructive to evaluate the quantum fluctuations in the atomic inversion in the context of the harmonicoscillator model. Variances in the atomic population can be written in terms of the Mandel Q parameter ͓24͔,
where n(t)ϵb 2 † (t)b 2 (t) is the number operator for the occupation of the excited state. Since both the free space and PBG solutions in our model can be written in the form of Eq. ͑3.4͒, we can write the Q parameter in the general form
Again, ͉B(t)͉ 2 is the normalized probability of finding the initially excited fraction of the atoms still in the excited state at time t. For an isotropic band edge, B(t)ϭB I (t) ͓Eq. ͑3.9͔͒, whereas in free space, B(t)ϳe ϪN␥t/2 , representing the exponential decay of the excited-state population. Using the identity N͚ ͉A (t)͉ 2 ϭ1Ϫ͉B(t)͉ 2 , as derived in Appendix B, we can write the population fluctuations as
For arbitrary initial statistics, atoms in free space decay to the vacuum state with Q(t)ϭ1; since the atoms decay fully, there are no meaningful atomic statistics in the long-time limit. Q(t) is plotted in Fig. 3 for the isotropic band edge (␦ c ϭ0) for the cases Q(0)ϭ0, 1, and 2. Near the band edge, photon localization prevents the atomic system from decaying to the ground state. We find instead that the steady-state statistics are sensitive to the statistics of the initial state and to the value of ␦ c . A system initially prepared with superPoissonian statistics ͓Q(0)Ͼ1͔ experiences a suppression of population fluctuations in the steady state. In a system that is initially sub-Poissonian ͓Q(0)Ͻ1͔, the fluctuations increase, but are held below the Poissonian level by photon localization. In both cases, the steady-state value of the atomic population fluctuations is controlled by ␦ c . Our harmonic oscillator model thus suggests that a PBG system may exhibit atypical quantum statistics in the absence of a cavity or external fields. It is important to extend the analysis of collective emission under the influence of vacuum fluctuations to the high excitation ͑superradiant͒ regime. In this case, the two-level nature of the atomic operators will become important and will modify the quantum statistics from that of the harmonic-oscillator picture. This generalization is considered in the next two sections.
IV. HIGH ATOMIC EXCITATION: MEAN-FIELD SOLUTION
When the atomic system is initially fully or nearly fully inverted, we expect interatomic coherences, transmitted via the atomic polarizations, to have a strong influence on emission dynamics. For such high initial atomic excitation, the quantum Langevin equations ͑2.5͒ and ͑2.6͒, paired with the non-Markovian memory kernels ͑2.10͒ or ͑2.11͒, do not possess an obvious analytic solution. Moreover, conventional perturbation theory applied to these equations fails to recapture the influence of the photon-atom bound state ͓11͔, which plays a crucial role in band-edge radiation dynamics. However, when the superradiant system is prepared with a nonzero initial polarization ͓J 12 (0) 0͔, the average dipole moment dominates the incoherent effect of the vacuum fluctuations and the subsequent evolution is well described by a semiclassical approximation ͓17͔. In this case, it is possible to factorize the atomic operator equations:
The brackets ͗O͘ denote the quantum-mechanical average of the Heisenberg operator O over the Heisenberg picture atomfield state vector, ͉⌿͘ϭ͉vac͘ ͉͘, where ͉vac͘ represents the electromagnetic vacuum state, and ͉͘ represents the ini- tial state of the atomic system. Clearly in this mean-field approach, the quantum noise contribution is neglected, as ͗(t)͘ϭ0. Recently, Bay, Lambropoulos, and Mo "lmer ͓25͔
found that, for a simpler Fano profile gap model, the dynamics of superradiant emission are affected by the choice of factorization applied to the full quantum equations. However, the complete factorization used here retains the qualitative features and evolution time scales of more elaborate factorization schemes. Equations ͑4.1͒ and ͑4.2͒ were solved numerically in Ref.
͓20͔ for an atomic resonance frequency coincident with the band edge (␦ c ϭ0) and a small initial collective polarization. The initial collective state was assumed to be of the form
with rӶ1, so that initially the atoms are almost fully inverted. In this paper, we extend the previous analysis to atomic frequencies detuned from the band edge. Despite its neglect of vacuum fluctuations, mean-field theory illuminates many of the interesting features of the system. The relationship between mean-field theory and a more complete description including quantum fluctuations is discussed in Sec. V. For clarity, we discuss separately the atomic dynamics in our isotropic and anisotropic dispersion models. Figures 4 and 5 show the inversion per atom and the average polarization amplitude per atom respectively for various values of ␦ c near an isotropic band edge. We see from Fig. 4 that a fraction of the superradiant emission remains localized in the vicinity of the atoms in the steady state, due to the Bragg reflection of collective radiative emission back to the atoms. This localized light exhibits a nonzero expectation value for the field operator, which in turn leads to the emergence of a macroscopic polarization amplitude in the steady state. We further note that the decay rate for the upper atomic state is proportional to N 2/3 . Accordingly, the peak radiation inten-
. This is to be compared with the values N and N 2 for the free space decay rate and peak radiation intensity, respectively.
As in single-atom spontaneous emission near an isotropic band edge ͓15͔, the dressing of the atoms by their own radiation field causes a splitting of the band of collective atomic states such that the collective spectral density vanishes at the band-edge frequency. The strongly dressed atomic states are repelled from the band edge, with some levels being pulled into the gap and the remaining levels being pushed into the electromagnetic continuum outside the PBG. In the long-time ͑steady-state͒ limit, the energy contained in the dressed states outside the band gap decays whereas the energy in the states inside the gap remains in the vicinity of the emitting atoms. It is the localized light associated with the gap dressed states that sustains the fractionalized steady-state inversion and nonzero atomic polarization. For the isotropic model, this splitting and fractional localization persist even when 21 lies just outside the gap (␦ c Ͼ0), and the fraction of localized light in the steady state increases as 21 moves towards and enters the gap. In the dressed-state picture, the self-induced oscillations in both the inversion and the polarization that occur during radiative emission can be interpreted as being due to interference between the dressed states. The oscillation frequency is proportional to the frequency splitting between the upper and lower collective dressed states. This is the analog of the collective Rabi oscillations of N Rydberg atoms in a resonant high-Q cavity ͓26͔. From Fig. 4 , we see that a dressed state outside the band gap decays more slowly for atomic resonant frequencies deeper inside the gap, causing the collective oscillations to persist over longer periods of time. Clearly, this decay is nonexponential and highly non-Markovian in nature. Figure 5 confirms that, as required, the polarization amplitude for large negative values of ␦ c is constrained by the condition, ͗J 12 (t)͘/Nр1/2.
In Fig. 6 , we plot the phase angle of the collective ) . Such a polarization phase rotation implies that the collective atomic Bloch vector of the system exhibits precessional dynamics in the steady state. Unlike the conventional precession ͓27͔ of atomic dipoles in an ordinary vacuum driven by an external laser field, Bloch vector precession in a PBG occurs in the absence of an external driving field. Instead, the precession is driven by the self-organized state of light generated by superradiance, which remains localized near the emitting atoms. We see in Fig. 6 that for values of ␦ c such that 21 Ϫ loc Ͻ0, (t s ) is negative, while for 21 Ϫ loc Ͼ0, (t s ) is positive, i.e., the phase is rotating in the opposite direction. At a detuning corresponding to a constant phase in the steady state ͓ (t s )ϭ0͔, the dressed and bare states are of the same energy; this occurs for a detuning value of ␦ c ϭϪ0.644N 2/3 ␤ 1 . At this value of ␦ c , we also find that ͗J 3 (t s )͘ϭ0, implying that there is no net absorption of light by the atomic system. This is, in essence, a collective transparent state ͓27͔.
Collective emission dynamics near an anisotropic band edge are pictured in Figs. 7 and 8. For 21 coincident with the band edge or slightly within the gap (␦ c р0), we again find a fractional atomic inversion in the steady state ͑Fig. 7͒. Rabi oscillations in the atomic population are much less pronounced than in the isotropic model, even for 21 detuned into the gap. This demonstrates that the dressed atomic states outside a physical photonic band gap decay much more rapidly than the isotropic model would suggest. Furthermore, in contrast with the isotropic model, we see that photon localization is lost for even a small detuning of 21 into the continuum of field modes outside the band gap. Therefore, while we find a macroscopic steady-state polarization and precessional dynamics of the Bloch vector for ␦ c р0 ͑Fig. 8͒, for ␦ c Ͼ0 the polarization dies away after collective emission has taken place. Photon localization from an atomic level lying just outside the gap in a three-dimensional PBG material may, however, be realized through quantum interference effects if there is a third atomic level lying slightly inside the gap ͓28͔. These results point to the greater sensitivity of the atomic dynamics to the more realistic anisotropic band edge. Because the isotropic model overestimates the momentum space for photons satisfying the Bragg condition, photon lo- calization effects and vacuum Rabi splitting are exaggerated in the isotropic model relative to an engineered photonic crystal. In the anisotropic model, the phase space available for propagation vanishes as the optical frequency approaches the band edge. As a result, vacuum Rabi splitting pushes the collective atomic dressed state into a region with a larger density of electromagnetic modes. Consequently, the decay rate of the atomic inversion is proportional to N 2 near the anisotropic band edge, and the corresponding peak radiation intensity is proportional to N 3 . Clearly, superradiance near an anisotropic PBG can proceed more quickly and can be more intense than in free space. As a result, PBG superradiance may enable the design of mirrorless, low-threshold microlasers exhibiting ultrafast modulation speeds.
From polarization phase and amplitude results, we conclude that ͑i͒ unlike in free space, the atoms near a photonic band edge attain a fractionally inverted state with constant polarization amplitude and rate of change of phase angle. This corresponds to a macroscopic atomic coherence in the steady state analogous to that experienced in a laser. In our case, however, ''lasing'' occurs in the band-edge continuum rather than into a conventional cavity mode. ͑ii͒ By varying the value of ␦ c , one may control the direction and rate of change of the steady-state polarization phase angle. This may be realized by applying a small external dc field to the sample that Stark shifts the atomic transition frequency of the atoms. This type of control over the collective atomic Bloch vector may be of importance in the area of information storage and optical memory devices ͓29,30͔.
The above analysis makes it clear that collective spontaneous emission dynamics in a PBG are significantly different from those in free space. In a real PBG material, the dephasing of atomic dipoles due to interatomic collisions or phonon-atom interactions may also have a significant effect on the evolution of our system over a large range of temperatures. In the free space Markov approach, dipole dephasing is described by a phenomenological polarization decay constant ͓31͔. Since the Markov approximation does not apply near a band edge, one cannot account for dephasing by simply adding a phenomenological decay term to Eq. ͑4.2͒. However, we expect that the atomic resonant frequency will experience random Stark shifts due to atom-atom or atomphonon interactions. This effect can be included in the description of our system by adding a variation ⌬ to the detuning frequency ␦ c at each time step in a computational simulation of Eqs. ͑4.1͒ and ͑4.2͒. ⌬ is chosen to be a Gaussian random number with zero mean. The width of the Gaussian distribution is determined by the magnitude of the random Stark effect. Such a simulation in free space would include a random ⌬ only in the equation for the atomic polarization. This is because the slowly varying photon density of states seen by the atoms at the frequency 21 ϩ⌬ does not change significantly with typical homogeneous line broadening effects. In contrast, we have seen that near a photonic band edge, slight variations in ␦ c may drastically change the atomic inversion. Therefore we include ⌬ in both system equations. In Fig. 9 , we plot the evolution of the collective inversion and polarization under the simulated collision broadening described above. The random Stark shifts lead to the loss of macroscopic polarization and the loss of atomic inversion in the long-time limit. The latter effect can be understood by noting that the random frequency shifts are symmetrically distributed about the mean resonant frequency. Frequency shifts into the gap promote photon localization, while those away from the gap cause further decay of the atomic inversion. Over time, the net result is that the frequency shifts away from the gap encourage the decay of the atomic population. This is true even in atomic systems for which the mean resonant frequency lies within the gap. From the above considerations, it is clear that dephasing is a significant perturbation on photon localization near a photonic band edge. As in the case of a conventional laser, the effects of dephasing may be partially compensated for by external pumping.
Although a superradiant system can be prepared in a coherent initial state of the type described by Eq. ͑4.3͒ ͓27͔, collective emission is typically initiated by spontaneous emission, a random, incoherent process. Over time, spontaneous emission leads to the buildup of macroscopic coherence in the sample. The effect of vacuum fluctuations is then of considerable importance in the full description of superradiance, both from a fundamental point of view, and for potential device applications, such as the recently proposed superradiant laser ͓18͔. In the next section, we present a more detailed description of PBG superradiance that takes into account the role of quantum fluctuations.
V. BAND-EDGE SUPERRADIANCE AND QUANTUM FLUCTUATIONS
In order to describe the evolution of the superradiant system's collective Bloch vector under the influence of quantum fluctuations, we consider atomic operator correlation functions of the form ͓32͔
͑5.1͒
Here the operators are evaluated at equal times. As in free space, we expect vacuum fluctuations to drive the system 
͑5.5͒
We note that such a factorization is valid only for an antinormal ordering of the polarization operators, since ͗I͉J 21 (t)͉͘ does not vanish in general.
Taking the atomic expectation value of Eq. ͑5.2͒, we obtain
͑5.6͒
This is a linear equation that has lost its operator character over the atomic variables but not over the electromagnetic reservoir, as evidenced by the presence of the quantum noise operator, (t). Equation ͑5.6͒ can be solved by the method of Laplace transforms. The solution has the form
Again, L Ϫ1 denotes the inverse Laplace transform. The Laplace transformation of the memory kernel for an isotropic band edge, G I (s), is given in Eq. ͑3.8͒. Despite the fact that ͗J 12 (0)͘ A ϭ0, we retain the first term in Eq. ͑5.7͒ for later notational convenience.
The early-time quantum fluctuations in a superradiant system prevent us from predicting a priori the evolution of any single experimental realization of the atoms. Instead, we can only determine the probability of a particular trajectory of the collective atomic Bloch vector. In order to obtain the statistics of a band-edge superradiant pulse, we first determine the statistics of the collective Bloch vector for a set of identically prepared systems after each has passed through the early-time regime governed by vacuum fluctuations. The relevant time scale will be referred to as the quantum to semiclassical evolution crossover time, tϭt 0 . Our approach is to calculate the phase and amplitude distributions of the polarization at the crossover time quantum mechanically. The subsequent (tϾt 0 ) evolution of the ensemble is then obtained by solving the semiclassical equations ͑4.1͒ and ͑4.2͒ using the polarization distribution function at t 0 . In other words, the distribution of values of ͗J 12 (t 0 )͘ obtained from the early-time quantum fluctuations provide the initial conditions for subsequent, semiclassical evolution. In order to implement this approach, we must first identify t 0 for our system ͓17,33͔. One expects such a transition to occur in the high atomic inversion regime, ͗J 3 (t)͘ӍN. It is natural to define t 0 such that for tϾt 0 the expectation value of the commutator of the system operators J 21 (t) and J 12 (t) becomes very small compared to the expectation value of their product ͓17͔. This gives the condition 
͑5.12͒
The last equality is obtained by use of the identity ␤ 1 dependence for 21 displaced from the band edge. The corresponding time scale for the anisotropic gap is 1/N 2 ␤ 3 . The buildup of a macroscopic polarization then occurs more slowly near an isotropic band edge and more quickly near an anisotropic band edge than in free space.
Using a semiclassical approach, we may write the value of the polarization at any time tуt 0 in terms of an amplitude and a phase angle , ͗J 12 (t)͘ Cl ϵJ(,,t). The superscript Cl refers to the fact that the expectation value ͗ ͘ Cl is taken in the semiclassical regime tуt 0 . We define P()d as the probability of finding the amplitude between and ϩd, and Q()d as the probability of finding the phase angle between and ϩd. We may then write the moments of the macroscopic polarization distribution as
͑5.13͒
For tϭt 0 , we assume that the polarization has the form J(,,t)ϭe i , giving for the moments
͑5.14͒
The quantum analog, ͗ ͘ Q , of Eq. ͑5.14͒ can be written in the form of Eq. ͑5.5͒ evaluated at tϭt 0 . Substituting Eq. ͑5.7͒ and its adjoint into Eq. ͑5.5͒ yields
͑5.15͒
As the reservoir expectation value is taken over the the operators a , which satisfy a Gaussian probability distribution, Wick's theorem ͓13͔ is applied in order to reduce the operator averages of products of field operators to averages over products of pairs of field operators. We then have
This expression has corrections of order N pϪ1 , meaning that it is asymptotically valid for large N. Equating Eqs. ͑5.14͒ and ͑5.16͒, we solve for the distributions P() and Q() to obtain the desired initial polarization distribution for the semiclassical superradiance equations. The early time distributions for free space and the band edge differ only in the form of the function D(t), as the above analysis makes no other distinction between the two cases. Thus in the bandedge system, as in free space, the entire effect of the early time atomic evolution can be recaptured using the distribution of initial conditions given at tϭt 0 . The phase of the polarization is given by the relation
This shows that Q() is uniformly distributed between 0 and 2. The initial polarization amplitude distribution is found from the relation
The result is a Gaussian distribution of width N͉D(t 0 )͉ 2 centered at zero,
It has been shown via density matrix methods ͓17͔ that in free space one may choose the crossover time anywhere in the inverted regime, the simplest choice being t 0 ϭ0. This is due to the absence of temporal correlations of the reservoir for t tЈ. Figure 10 shows the ensemble-averaged collective emission in free space and at an isotropic band edge (␦ c ϭ0) for Nϭ100 atoms. Both the free space and band edge systems are shown for two choices of initial polarization distribution. The solid lines correspond to the choice of t 0 ϭ0 in the amplitude distribution ͑5.19͒ for both free space and the band edge. The dashed lines correspond to the choice t 0 ϭt 0 free and t 0 ϭt 0 PBG for the free-space and band-edge systems, respectively. As per Eq. ͑5.17͒, the initial phase of the polarization in all cases is chosen from a uniform random distribution. As expected, Fig. 10 demonstrates that the choice of t 0 is unimportant in free space, so long as it is chosen in the inverted regime. Near a photonic band edge, we see that the choice of t 0 affects the later evolution of the system. In particular, it affects the onset time for collective emission. It is clear from these simulations that the details of the non-Markovian evolution in the quantum regime play a crucial role in the subsequent semiclassical evolution of the band edge superradiance. The long-range temporal correlations of the reservoir require that we treat the vacuum fluctuations explicitly throughout the quantum evolution of the system. A similar picture holds in the case of an anisotropic PBG material. In our anisotropic model, memory of the initial state is expressed through the Green function ͑2.10͒. In this case, superradiance is also highly sensitive to early stage quantum fluctuations.
Since ensemble averages of atomic observables are experimentally measurable quantities, we consider these in some detail. We use the notation ͗ ͘ ens to denote an ensemble-averaged quantum expectation value. For illustration, we focus on the ␦ c ϭ0 and zero dephasing case for a system of 100 atoms in the isotropic effective-mass model. The extension to non-zero detuning and finite dipole dephasing follows from the discussion of Sec. IV. From Fig. 11 , it is evident that the ensemble exhibits a fractional population inversion in the steady state. The steady-state value of ͗J 3 (t)͘ ens for a given atomic detuning is unchanged from the mean-field result, ͗J 3 (t s )͘. Since the steady state is determined by the atom-field coupling strength, and not by the dynamics of the system, it is insensitive to initial conditions. Fluctuations in the excited-state atomic population may be expressed in terms of the delay time for the onset of superradiant emission, defined as the time at which the system is exactly half excited, i.e., ͗J 3 ͘ϭ0. Vacuum fluctuations result in a distribution of delay times for the ensemble, asymmetrically centered about a peak value, as pictured in Fig. 12 . The delay time distribution is qualitatively similar to that ob- FIG. 10 . Atomic inversion for superradiance driven by vacuum fluctuations in free space and for an atomic resonant frequency tuned to an isotropic photonic band edge (␦ c ϭ0). Solid lines, result for initial polarization distribution at tϭ0 for each system; dashed lines, result for initial polarization distribution at tϭt 0 for each system. FIG. 12. Distribution of delay times for a system of 100 atoms at an isotropic band edge (␦ c ϭ0) for 4000 realizations of the superradiant system. tained in free space ͓33͔. However, the width of the distribution scales with the relevant time scale for the isotropic and anisotropic gaps, showing that, near a photonic band edge, atomic population fluctuations during light emission can be reduced from their free space value. Because of the variation in initial conditions, the Rabi oscillations in ͗J 3 (t)͘ for the isotropic gap are much less pronounced than in meanfield simulations. The differences in emission times due to fluctuations cause the ensemble average inversion to smear out these oscillations. Therefore, one can no longer directly relate the amplitude and period of the oscillations to the energies of the collective dressed states.
More striking is the nature of the ensemble's collective polarization under the influence of vacuum fluctuations. Figures 13͑a͒-13͑d͒ show the evolution of the polarization distribution from the initial distribution given by Eqs. ͑5.17͒ and ͑5.19͒ to the steady-state distribution. Initially, the distribution is sharply peaked about zero. In the decay region, the polarization amplitude is broadly distributed and has a random phase. This behavior is reminiscent of the fluctuations of the order parameter in the vicinity of a phase transition. In the steady state, the polarization amplitude collapses to a very well-defined nonzero value. This amplitude is again accompanied by a random phase that is uniformly distributed between 0 and 2. We may interpret our steadystate result in the following manner: A fraction of the photons emitted near the photonic band edge remain localized in the vicinity of the atoms, causing both the atomic dipoles and the electromagnetic field to self-organize into a cooperative steady state. However, vacuum fluctuations cause this cooperative quantum state to have a random phase, resulting in a zero ensemble average polarization amplitude, ͉͗J 12 (t)͘ ens ͉ϭ0, as shown in Fig. 11 . Measurements of the degree of first-and second-order coherence of the electromagnetic field in a band-edge superradiance experiment would provide a probe of the nature of this selforganized state of photons and atoms near a band edge. We further note that this state-well defined in amplitude but FIG. 13 . Atomic polarization distribution for a system of 100 atoms at an isotropic band edge (␦ c ϭ0), subject to quantum fluctuations at early times. 5000 realizations of the superradiant system. ͑a͒ tϭt 0 PBG ; ͑b͒ tϭ5; ͑c͒ tϭ11; ͑d͒ steady state. t in units of 1/N 2/3 ␤ 1 .
with random phase-is similar to the steady state of a conventional laser ͓34͔ with a well-defined electric field amplitude and random phase diffusion.
VI. SIMULATED QUANTUM NOISE NEAR A BAND EDGE
We have shown that the statistical properties of a bandedge superradiant system can be determined because the collective behavior of the constituent atoms leads to a semiclassical system evolution, triggered by early-time quantum fluctuations. However, a seamless quantum description of band-edge quantum optical systems is extremely difficult to obtain, due to the non-Markovian nature of the atom-field interaction. As a first step, we introduce a method by which to simulate their evolution computationally and include the effects of quantum fluctuations. Unlike the semiclassical simulations of Sec. IV, which neglected the effect of the quantum noise operator, as ͗(t)͘ϭ͗ † (t)͘ϭ0, we propose to replace ͗(t)͘ in our semiclassical equations by a complex classical stochastic function with the same mean and two-time correlation function as its quantum counterpart. This noise function then simulates the quantum noise in our system throughout the entire system evolution. We may test the validity of our simulated noise ansatz for band-edge superradiance by comparing the results obtained to those calculated in Sec. V.
The classical noise function required to simulate quantum noise near a photonic band edge involves a real stochastic function (t) possessing the underlying temporal autocorrelation of our non-Markovian quantum noise operator, (t).
In the effective-mass approximation, this means that ͓see Eqs. ͑2.10͒ and ͑2.11͔͒,
where again ␣ϭ1 and 3 for isotropic and anisotropic band edges, respectively. 
cos͑ n tϩ⌽ n ͒, nϭ1,2, . . . ,N,
͑6.2͒
with equality obtained for N→ϱ. Here, n ϭn⌬, ⌬ ϭ max /N, and max is a cutoff frequency above which the power spectrum can be neglected. Each ⌽ n is a random phase uniformly distributed in the range ͓0,2͔. By use of a particular set of random phases ͕⌽ n ͖ to generate the noise values at each time step, we obtain a single ''experimental'' realization of the quantum noise in our system. Since we cannot predict a priori the specific form of the quantum fluctuations in a particular experiment, we again average over many realizations of the superradiant system, each governed by a different (t), in order to obtain distributions and ensemble averages of relevant quantities. We note that Eq.
͑6.2͒ clearly gives ͗(t)͘ ens ϭ0, as desired, since the random ⌽ n cause the ensemble to average to zero. To show that Eq. ͑6.2͒ also gives the correct autocorrelation function, we write
͑6.4͒
In Eq. ͑6.3͒, only the kϭl components, in which the random phases ⌽ k and ⌽ l cancel each other, survive the ensemble average. As N→ϱ, Eq. ͑6.4͒ becomes the Fourier transform of P(), which equals ͗(t)(tЈ)͘ ens . Studies have shown that for values of N as small as 1000, the desired autocorrelation may be obtained with as little as 5% error ͓37͔, making this a computationally feasible technique. Furthermore, unlike other methods for the generation of stochastic functions ͑see Ref. ͓35͔͒, the present method computes the desired function, (t), using only a uniform random distribution of phases ⌽ k as input, rather than requiring the computation of a Gaussian stochastic function as an intermediate step. This decreases the likelihood of spurious correlations between our random numbers. Figure 14 shows the two-time correlation of (t) for ␣ϭ1, for an ensemble of 2000 realizations of the noise function generated by the algorithm of Eq. ͑6.2͒. In this calculation and in the simulations described below, we chose a power spectrum P() ϭͱ/2, in order to mimic the colored vacuum near an isotropic band edge. We see good agreement with the corre-lation function ͑6.1͒. The agreement between our simulations and the exact correlation function can be significantly improved by enlarging the size of the ensemble, at the expense of increased computation time for atom-field simulations. 
with similar equations for the anisotropic gap. For both models, the noise term scales as 1/ͱN; this is the same dependence of the noise term on particle number exhibited in free space ͓32͔. In Fig. 15 , we show the average inversion for an ensemble containing 2000 realizations of ͑͒ for Nϭ1000 and Nϭ10 000 atoms. We find that our stochastic simulation scheme gives physical results only for systems of N Ͼ500 atoms. The stochastic simulations show good agreement with the atomic inversion obtained by the method of Sec. V. Other system properties, such as the ensembleaveraged polarization and the delay time distribution calculated by the present method also agree well with the quantum calculations of the previous section. This suggests that our stochastic approach may be a valuable tool in the analysis of band-edge atom-field dynamics.
VII. CONCLUSIONS
In this paper, we have treated the collective spontaneous emission of two-level atoms near a photonic band edge. An analytic calculation of the atomic operator dynamics in the case of low atomic excitation was given. The results demonstrate highly atypical atomic emission spectra and show the possibility of reducing atomic population fluctuations. This in turn suggests that fluctuations in photon number are likewise suppressed for light localized near the atoms. This raises the interesting question of whether squeezed light ͓38͔, antibunched photons ͓39͔, and other forms of nonclassical light may be generated in a simple manner from band edge atom-field systems. For an initially inverted system prepared with a small macroscopic polarization, a mean field factorization was applied to the atomic quantum Langevin equations, giving a semiclassical system evolution. We found that the atoms exhibit fractional population trapping and a macroscopic polarization in the steady state. Collective Rabi oscillations of the atomic population were found, and were attributed to the interference of strongly dressed atom-photon states that are repelled from the band edge, both into and out of the gap. The degree of photon localization, the polarization amplitude, and the phase angle of the polarization in the steady state are all sensitive functions of the detuning of the atomic resonant frequency from the band edge. The steadystate atomic properties can thus be controlled by applying a dc Stark shift to the atomic resonant frequency. In Sec. IV, we discussed the effect on band-edge superradiance of inter- Dashed line and double dashed line, inversion calculated using the computed polarization distribution at tϭt 0 PBG as initial conditions for a semiclassical evolution ͑Sec. V͒ for N ϭ1000 and 10 000 atoms, respectively. Solid line and dotted lines, inversion calculated using the stochastic function of Sec. VI for N ϭ1000 and 10 000 atoms, respectively. atomic and atom-phonon interactions ͑atomic dephasing͒. We showed that such linewidth broadening effects cannot be treated by a phenomenological decay constant as in free space, and that near the band edge they will lead to the decay of atomic polarization and inversion. Therefore, the steadystate properties of the superradiant system described in this paper will be limited by the time scale of the atomic dephasing effects. The effect of dephasing mechanisms is important to the description of almost all band edge atom-field systems. As a particular example, dephasing determines the threshold external pumping required to achieve atomic inversion in a laser operating near a photonic band edge. It also facilitates the emission of laser light from a photonic crystal.
The effect of quantum fluctuations for high initial excitation of the atoms was included by distinguishing regimes of quantum and semiclassical collective atomic evolution. We found that the early time quantum evolution must be treated in detail, due to the non-Markovian electromagnetic reservoir correlations near a band edge. This is in contrast with free space, where the atomic system's evolution is insensitive to the treatment of the full temporal evolution of the early, quantum regime. Fractional localization of light was shown to persist under the influence of vacuum fluctuations. The atomic polarization exhibits a nonzero amplitude with a randomly distributed phase in the steady state. This is much like the steady state of a conventional laser. Here, such lasing characteristics are due only to the Bragg scattering of photons back to the atoms; there is neither external pumping nor a laser cavity in our system. The time scales for all dynamical processes, such as collective emission and the buildup of collective atomic polarization are strongly modified from their free space values due to the singular photon density of states near a photonic band edge. For an isotropic band edge, the time scales as N 2/3 ␤ 1 , while in the more realistic anisotropic model, time scales as N 2 ␤ 3 . As a result, collective emission phenomena can occur more rapidly near a band edge than in free space. Throughout our calculations, we have employed an effective-mass approximation to the bandedge dispersion. For materials with a very small PBG, it may be important to include the effects of both band edges. These issues are raised in Appendix A.
We have demonstrated that band-edge superradiance possesses many of the self-organization and coherence properties of a conventional laser. Furthermore, we have shown the possibility for the generation of unusual emission spectra and photon statistics. These results suggest that a laser operating near a photonic band edge may possess unusual spectral and statistical properties, as well as a low input power lasing threshold due to the fractional inversion of the atoms in the steady state. It may further be possible to produce a PBG laser in a bulk material without recourse to a defect-induced cavity mode. Lending credence to this hypothesis, recent observations ͓40͔ and theoretical studies ͓41͔ of lasing from a multiply scattering random medium with gain have demonstrated that one may obtain light with the properties of a laser field in the absence of a cavity. A full description of the statistics of a band-edge laser field will require a treatment of the non-Markovian nature of the electromagnetic reservoir. Current techniques for treating the atom-field interaction in the absence of the Born and Markov approximations ͓42,43͔ cannot account for the van Hove singularity in the density of states encountered at a photonic band edge, nor are they all directly applicable to externally driven atomic systems.
Finally, we note that the steady state atom-field properties described here are a result of the effect of radiation localized in the vicinity of the active two-level atoms. This leads to the question of how to pump energy into and extract energy out of these states, which lie within the forbidden photonic gap. One possibility is to couple energy into and/or out of the system through a third atomic level whose transition energy lies outside the gap ͓15͔. There is also the possibility of transmitting light into the gap through high intensity ultrashort pulses that locally distort the nonlinear dielectric constant of the material and thus allow the propagation of light in the form of solitary waves within the forbidden frequency range ͓44͔. Such issues must be addressed in order to fully exploit the very rich possibilities of quantum optical processes near a photonic band edge.
As ⌳ is a large number, we extend the range of integration to infinity in order to obtain a simple analytic expression for G I (tϪtЈ) ͓46͔:
